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EQUILIBRIUM FLUCTUATION OF 
THE ATLAS MODEL 


AMIR DEMBO* * AND LI-CHENG TSAlt 

Abstract. We study the fluctuation of the Atlas model, where a unit drift is assigned 
to the lowest ranked particle among a semi-infinite (Z_|_-indexed) system of otherwise 
independent Brownian particles, initiated according to a Poisson point process on K+. 
In this context, we show that the joint law of ranked particles, after being centered and 
scaled by converges as t —>• oo to the Gaussian field corresponding to the solu¬ 

tion of the Additive Stochastic Heat Equation (ashe) on K.+ with Neumann boundary 
condition at zero. This allows us to express the asymptotic fluctuation of the lowest 
ranked particle in terms of a ^-Fractional Brownian Motion (|;-fbm). In particular, we 
prove a conjecture of Pal and Pitman [17] about the asymptotic Gaussian fluctuation 
of the ranked particles. 


1. Introduction 

In this paper we study the inhnite particles Atlas model. That is, we consider the 
M^+-valued process {Xi{t)}i^z+, each coordinate performing an independent Brownian 
motion except for the lowest ranked particle receiving a drift of strength 7 > 0. For 
suitable initial conditions, this process is given by the unique weak solution of 

dXiit) = 7 l|Xi(t)=A'(o)(t)} i G Z_|_. (1-1) 

Hereafter R(t), i G Z+, denote independent standard Brownian motions and A(j)(t), 
i G denote the ranked particles, i.e. A(o)(t) < A(i)(t) < .... More precisely, recall 
that (xj) G M^+ is rankable if there exists a bijection vr : Z_|_ — )■ Z_|_ (i.e. permutation) 
such that XT,[i) < for all f < j G Z+. Such ranking permutation is unique up to 
ties, which we break in lexicographic order. The equation (1.1) is then well-dehned if 
(Aj(t))jgz+ is rankable at all t > 0 with a measurable ranking permutation. 

The Atlas model (1.1) is a special case of diffusions with rank dependent drifts. In hnite 
dimensions, such systems are studied in [1], motivated by questions in hltering theory, 
and in [8, 14], in the context of stochastic portfolio theory. See also [4, 5, 10, 11, 12], 
for their ergodicity and sample path properties, and [6, 18] for their large deviations 
properties as the dimension tends to inhnity. The Atlas model is a simple special case 
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(where the drift vector is specialized to ( 7 , 0 ,..., 0 )) that allows more detailed analysis. 
In particular, Pal and Pitman [17] consider the infinite dimensional Atlas model (1.1), 
establishing well-posedness and the existence of an explicit invariant measure, see also 
[ 11 , 20 ]. 

In this paper we study the long-time behavior of the ranked particles, in particular the 
lowest ranked particle. This amounts to understanding competition between the drift 
7 and the push-back from the bulk of particles (due to ranking). These two effects act 
against each other, and balance exactly at the critical density 27 . More precisely, recall 
from [17] that, starting from {X(j)(0)} ~ PPP_|_( 27 ), the Poisson Point Process with 
density 27 on M+ := [ 0 ,cxo), ( 1 . 1 ) admits a unique weak solution (which is rankable) 
such that {X(j)(f) — l^(o)(0)}igz+ retains the PPP+( 27 ) law for all f > 0 . At this critical 
density, we show that, for large t and for all i, X(j)(f) fluctuates at 0 (f^/"^), and the joint 
law of the fluctuations of the particles scales to a Gaussian held characterized by ASHE. 

Hereafter we hx {Xi(t)}i^i,+ to be the unique weak solution of (1.1) starting from 
PPP+( 27 ). With Yi(t) := X(j+i)(f) — X(j)(f) denoting the i-th gap, such initial condition 
are equivalent to A(o)(0) = 0 and {Hj(0)}jgz+ ~ (SliGZ+ Exp( 27 ). We consider the process 

Xt^x) := [^(x) - 27 Xp^(,,)) (e’^f)], ie{x) := [{2-^e^/‘^)-^x\. ( 1 . 2 ) 

Recall that the the relevant solution of the ASHE, (1.5), is invariant under the scaling 
Xt{x) i-A a}/'^Xtia{x /which suggests the scaling of ( 1 . 2 ). Alternatively, this scaling 
can be understood as choosing the diffusive scaling of (t, x) to respect and choosing 

the factor to capture the Gaussian huctuation of PPP+( 27 e“^/^). 

Let p{x) = $'(a;) = (27r)“^/^e“'^ B the standard Gaussian density, with pt{x) := 
p{xt~^B^ the heat kernel and $ 4 ( 0 :) = ^{xt~^B'j the scaled error function. We use 
pf{y, x) := ptiy — x) -f ptiy + x) for the Neumann heat kernel and 

x)-.= 2- ^t{y -x)- + a^)- (L3) 

Hereafter we endow the space of right-continuous-left-limit functions on the topology 
of uniform convergence on compact sets, and use ^ to denote weak convergence of 
probability measures. Our main result is as follows. 

Theorem 1.1. Let Th. (•) denote the C{M.‘^,'R)-valued centered Gaussian process with 
covariance 

^{Xt{x)Xt>{x')) 

( poo ptAt' poo 

/ ^t{y,x)^r{y,x')dy+ / / pf_^{y, x)p^_^{y, x')dyds 

Jo Jo Jo 

Then, Af (•) ^ A. (•), as e —)■ 0. 

Remark 1.2. The limiting process A. (•) can be equivalently characterized by the so¬ 
lution of the ASHE on M+, 

ySt-t,x>0, 



(1.6) 
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with the initial condition = ( 27 )^/^i?(a:) and a suitable boundary condition. Here 

B[x) denotes a standard Brownian motion and W{t,x) denotes a 2-dimensional white 
noise, independent of !?(•). In the course of proving Theorem 1.1, extracting the bound¬ 
ary condition requires a special choice of the test function (see (1.12)). From this, we 
end up with the Neumann boundary condition. That is, we declare the semi-group of 
(1.5) to be pf (|/,a;), whereby obtaining Xt{x) = Wti^x) -|- A4t(x), for 

roo poo 

Wt{x):= p^{y,x)A:o{y)dy = ^t{y, x)dB{y), (1.6) 

Jo Jo 

n oo 

p^_,iy,x)dW{y,s). (1.7) 

The former and latter, measurable with respect to B{-) and •), respectively, are 

independent. From (1.6) and (1.7), one then concludes the covariance as given in (1.4). 

In retrospect, the Neumann boundary condition represents the conservation of par¬ 
ticles at a; = 0. It is shown in [3] that at the equilibrium density we consider here, 
sup^gjQ j]{£^/^|X(o)(e“^t)|} —)■ 0 almost surely. That is, at the scale of space, the 

lowest rank particle stays very close to x = 0. Consequently, the flux at x = 0 should be 
zero, which amounts to the Neumann boundary condition. 

Remark 1.3. If starting (1.1) at deterministic equi-distant particle positions, i.e. X(j)(0) = 
2'yi, one should naturally expect to end up with the limiting process A)(x) := 
(corresponding to Ao(x) = 0). However, our proof of Theorem 1.1 relies on the station- 
arity of {X(j)(-) — X(o)(*)} to simplify a-priori estimates, and hence does not apply to 
this deterministic initial condition. 

An important consequence of Theorem 1.1 is: 

Corollary 1.4. 

(a) Let denote the fractional Brownian motion with Hurst parameter H. As 

e —0, '), the scaled fluctuation of the lowest ranked particle, weakly 

converges to ( 2 / 7 r)^/^ 7 “^/^R‘^^/'^)(*). 

(b) As t ^ oo, (X(j^( 3 ;))(f) — X(j^( 3 ;))( 0 ))f“^/^ weakly converges to a centered Gauss¬ 
ian with variance (t‘^{x), satisfying cr( 0 ) = ( 2 / 7 r)^/"^ 7 “^/^ and lim 2 ;_j.oo< t(x) = 

(27r)-V4^-V2, 

Indeed, it is not difficult to deduce from (1.4) the covariance of the center Gaussian 
process /C. (x) ;= ( 27 )“^(A. (x) — A’o(x)) for the special case of x = 0 and x —)■ 00 , and 
to arrive at 

E (/C*(0)/C*.(0)) = 7-'(27r)-'/2(fV2 + 

lim E (/Ci(x)/Ct'(x)) = 7 “^( 87 r)“^/^(t^/^ -h {t'Y^‘^ - - t'\^^'^). (1.9) 

From (1.8)-(1.9) Corollary 1.4 immediately follows. 

Theorem 1.1 is the hrst result of asymptotic fluctuations of (1.1), with Corollary 1.4(b) 
resolving the conjecture of Pal and Pitman [17, Conjecture 3]. Further, Theorem 1.1 
establishes the previously undiscovered connection of (1.1) to ASHE. 


4 


A. DEMBO AND L.-C. TSAI 


Remark 1.5. In [3], the hydrodynamic limits of the Atlas model (1.1) is studied. For 
out-of-equilibrium initial conditions, it is shown that converges to a de¬ 

terministic limit described by the one-sided Stefan’s problem. For the symmetric simple 
exclusion process on Z, [15] shows that the hydrodynamic limit of a tagged particle is 
described by the two-sided Stefan’s problem. For the same model, [16] shows that the 
fluctuation scales to a generalized Ornstein-Uhlenbeck process related to ASHE. 

Remark 1.6. Harris [9] introduces a closely related model of i.i.d. Z-indexed Brow¬ 
nian particles which can be regarded as the bulk version of (1.1). Using an 

explicit formula for the law of i?(o)(t), he shows that at equilibrium with density 27, 
limi_,.oo t“^'^'^(R(o)(^) — .B(o)(0)) ^ (27r)“^/'‘7“^/^i?(l). This result is further extended by 
[7] to the functional convergence e^/^(R(o)(e“ 

Intuitively, we expect the Atlas model to behavior similarly to the Harris model once 
we match the equilibrium density. This is indeed conhrmed in (1.9). That is, at the 
bulk {x —)> 00) the asymptotic fluctuation of the two systems are approximately equal, to 
(27r)“^/^7“^/^i?^/'^(-). Somewhat unexpectedly, as shown in Corollary 1.4(a), the 1-fbm 
fluctuation also appears at x = 0, but with a different prefactor. 

Remark 1.7. Applying our technique to the Harris model, one may rederive the results of 
[7, 9]. This provides an explanation of the scaling and the 1-fbm limit as the fluctuation 
of ASHE at x = 0. Specihcally, the scaling limit of the Harris model should be ASHE on 
M with no boundary condition. Since no drift presents in the Harris model, the latter 
scaling limit could be deduced directly from the time evolution equation. 

Our strategy of proving Theorem 1.1 is to focus on the empirical measure. While 
this strategy has been widely used for interacting particle systems, in the context of 
Atlas model, or more generally diffusions with rank-dependent drifts, analyzing empirical 
measure is a new approach that has only been used here and in [3]. It completely bypasses 
the need of local times, which is a major a challenge when analyzing diffusions with rank- 
dependent drifts. 

To dehne the empirical measure, we consider wiy) := e“^Al, |0|^ := supyg^ |0(i/)|/tc(i/), 
and ^ :={(/) G L°°(R) : |0(|/)|^ < cxo}. Let Xf{t) := e^/'^Xi{e~^f)^ ^p)(^) •= 
and, for any 0 G .S, let 

00 

i=0 

{Qu 0) := {^Qu 0 ) - 27£“^/^ ^ (piy)dy^ , ( 1 . 11 ) 

which are well-dehned (see Lemma 3.1). As we are at equilibrium, Qf is a PPP_|_(27e“^/^) 
translated by X^^Q)(t), so Ql captures the Gaussian fluctuation of PPP_|_(27£“^/^) around 
2'ye-^B l^^(y)dy. 

Under this framework, the main challenge of proving Theorem 1.1 is to choose the test 
function that i) identihes the relevant boundary condition; and ii) relates itself 
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to the process X^{x). With 

( 1 . 12 ) 

establishing (ii) amounts to approximating the displacement of a ranked particle by the 
net flux of particles, which we achieve by using stationarity. In Sections 4 and 5 we prove 
Propositions 1.8 and 1.9, respectively, from which Theorem 1.1 follows immediately. 

Proposition 1.8. Fix any b G (0,1/4). As (£,<5) ^ (0,0), + s^) df. (•), for 

A’t(x) given as in Theorem 1.1. 

Proposition 1.9. Fix any a G (1/2, cx)) and b G (0,1/4). As e ^ 0, (• + — 

T’f(.)^ 0 . 


2. Outline of the Proof of Propositions 1.8 and 1.9 

Without lost of generality, we scale the drift 7 > 0 to unity by Xi(t) ha 
H ereafter, we fix ■j := 1 and use C{a,b,...) to denote generic positive finite (deterministic) 
constant that depends only on the designated variables. 

We proceed to describe the time evolution of Qf. To this end, let 

:= {i/.(-) e 02(M X [0,T]) : < 00 }, 

:= sup ildifitlji + IdxfJtls + \dxxA\jg + \A\s)- 

te[o,T] 

We decompose Qf = + Wf, where 

:=/ fi{y)dy ( 2 . 1 ) 

Jo 

records the fluctuation of the lowest ranked particle, and 

(»7, ,#.):= eH-[ _ 2£-i/ 2 r ^l^y)dy] (2.2) 

accounts for the fluctuations of the bulk of particles. For any G and to G [0, T], let 

^ t 

a,^AX!(s))dBf(s), (2.3) 

i=0 dto 

which is a (^([fo,T],K)-valued martingale in t. 


Proposition 2.1. For any T G M+, to G [0,T] and G T2t, there exists a C([to,T],K)- 
valued martingale , (-0, 00 ) such that, for all q > 1, 


sup 

telto,T] 




0 . 


g 


(2.4) 
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Furthermore, almost surely 

- (Qo)'0o 


(^ds + ^dyy^iJs^ds + {A% ds'ilJs)ds + oo), 


(2.5) 


for all t E [0, T]. 


Remark 2.2. Proposition 2.1 is established in Section 3, where we derive (2.5) via Ito 
calculus. In this derivation, the driving Brownian motions Bi{t), i E collectively 
contribute 


{dt + 2 ^dyy)'ipt) - 26 j dsifs{y)dyjdt + oo) 

whereas the drift 7 = 1 at the lowest ranked particle contributes 

e~^^‘^dyilJs{Xlo){t))dt = f dyyfjs{y)dy]dt. 

V J 

These, when combined together, give the expression (2.5). 

Based on Proposition 2.1, in Section 3 we establish the following a-priori estimate of 

Proposition 2.3. Fixing any q > 1, b E [0, 1/4) and T E M+, we let rf := inf{t > 0 : 
|^fo)(^)l — There exists C = C{T, b,q) < 00 such that, for all e E (0, (2g) 


-21 


P(r/ < T) < 


( 2 . 6 ) 


Remark 2.4. Proposition 2.3 implies, for any T G M+ and b E (0,1/4), we have 
P(supjg[o,r] l^fo)(^)l — ^^) 1- This is almost optimal, since we know a-posteriori from 

Theorem 1.1 that = Xf{x) converges weakly. 

Turning to the proof of Proposition 1.8, for each t,S,r] > 0, x E M+, we apply Propo¬ 
sition 2.1 for 'ifsiy) ■= Ti+ 5 _s(i/, a:-|- rj) E With 'ipsiy) solving the backward heat 
equation {ds -|- 2~^dyy)'ips = 0, one easily obtains that 

Xf’\x + r]) = Wf{x) + Mt{x) + At{x), 


'F,d,v), 



Tt(l/,a;) := ^t+s{y,x + v), 

pl'^{yA) ■=p^+s{y^^ + y)^ 

(2.7) 

Wf{x) := 


(2.8) 

Mtix) := Mo/,(Tt(-,x),cx> 

00 pf 

) = £V2^/ pTe(xf(s),a;)ciRf(s), 

i =0 

(2.9) 

AKx) := 

Jo 

x)')ds. 

(2.10) 
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Since and consisting respectively of the contribution of {Xf(0)} and 

are independent, Proposition 1.8 is an immediate consequence of: 

Proposition 2.5. 

(a) Fix any b G (0,1/4). As (e, 5) —?■ (0, 0), (•) 0. 

(b) As e ^ 0, Wf (•) ^ W. (•), where W. (•) is a centered Gaussian process with 

poo 

EiWtix)Wtix'))=2 / '^tiy,x)^t'iy,x')dy- (2.11) 

Jo 

(c) tIs e — 0, (•) ^ A4. (•), where A4. (•) is a centered Gaussian process with 

ptM' poc 

E{Mt{x)Mt'{x')) = 2 / pf_^{y,x)pp_^{y,x')dyds. (2.12) 

Jo Jo 

Remark 2.6. Our special choice of '0s(2/) is what makes Proposition 2.5(a) valid. To 
see this, note that -^/o)(^) ~ ^ii ^ ^ (0)1/4) (by Proposition 2.3) and that 

for ^s{y) = ds^t+ 5 -s{y,x). With ^^(0) = 0, by (2.1) we can 
approximate (^4^,^^) by £:“^/'^0 ((X/q^(s))^), which indeed tends to zero. Further, we 
expect Proposition 2.5(b) and (c) to hold by comparing (1.6) with (2.8), and (1.7) with 
(2.9), since approximates 2dBQ{’), and approximates 2 lR^(x)dx, respectively. 

For the proof of Proposition 1.9, we require the following notations: 

gi{x) := {Ql, l(-oo,x]) = l(-oo,x]> - 2e-^l^x, (2.13) 

Il{x) := inf e Z+ : X())(f) > x] = {Ql l(-oo,x]>, (2.14) 

Xiix) := s^/^^ix) - 2X(,e(,))(£-H)). (2.15) 

Up to a centering and scaling, Gf^x) counts the total number of particles to the left of 
x, and Xt{x) records the trajectory of where W/jej-^^^( 0 ) the hrst particle to 

the right of x at time 0. Proposition 1.9 is then an immediate consequence of: 

Proposition 2.7. Let a G (1/2, oo) and b G (0,1/4). 

(a) 71s e ^ 0, +£^) -^!(- + £'') ^ 0. 

(b) 71s ^^(- +e'’)-^f(- +e^) ^0. 

(c) Ase^O, ^f(- +£'') -dff(.) ^ 0. 


Letting 


pI{x) := W(7^qx))(£ ^t) -£ ^'“x = e 


- X 


-H) - e-^'^x = £- 1/2 
t) := j - f - 2 (X(,.)(£-U) - 

= sign(j - f) (1 - 2Yi{e-H )), 


(2.16) 

(2.17) 

(2.18) 


*Gb'J)u[ij0 

in Section 5, we establish Proposition 2.7 relying on the following exact relations 

pI{x) G (0, Y/'|:( 3 ;)_i(£-it)), for all x such that x > X^Q^(t), (2-19) 
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5t{x) - Xtix) ^ e'/*V'VUx)J’{x),t) + 2e^l‘pl(x), (2.20) 

{x-\-e^) — {x) = + £^), ie(a:), t). (2.21) 

Indeed, (2.19) holds since pf(x) represents the gap between e~^l‘^x and the hrst particle 
to its right, (2.20) follows by combining (2.13)-(2.14) and (2.16), and (2.21) follows by 
combining and (2.15) and (1.2). 

The starting point of proving Proposition 2.7 is as follows. We establish part (a) 
based on using 4 / 5 ( 1 /, x + e^) ^ l(_oo,-x-£0(?/) + l(-oo,x+£0(^)’ ^ ^ (0,1/4) to ensure 

that (Qf, l(_oo-s-eo) ~ parts (b) and (c), by shifting each x by we use 

(2.19) to ensure that e^^‘^pl{x + e^) ~ 0, and by using stationarity, we have t) = 

0{\j — Consequently, we reduce showing parts (b) and (c) to showing 

£^/^|//(x) — Jq(x)|^^^ 0, £:^'^^|/q(x + £^) — ii.{x)'^^‘^ ^ 0. 

The former should hold since, by (2.13)-(2.14), we have If{x) — Iq{x) = e~^^^{Qf{x) — 
Gt { x )) = 0(e“^/‘^), and we expect the latter to be true since /q(x + £^) Pois(2£ C2(^2;_j_ 
e^)) and ieix) = 2e~^^‘^x + 0(1) = 2e~^^‘^{x + e^) + 

The rest of this paper is organized as follows. Section 3 is primarily devoted to the 
proof of Propositions 2.1 and 2.3. In Sections 4 and 5, we prove Propositions 2.5 and 
2.7, respectively. 


3. A-priori estimates: Proof of Propositions 2.1 and 2.3 

Let Xf{t) := W(0) + 5|(t), := Xf{t) + e-^/% Xl^{t) and Xl;^{t) be the 

corresponding ranked processes. We then have from (1.1) (for 7 = 1) that, almost surely, 
for all i G and f > 0, 

Xl\t) < W(t) < Xl^\tl (3.1) 

from which it easily follows that 

x5;(()<v.)(*)<7y((). (3.2) 

Based on (3.1)-(3.2), we now establish bounds on the mass of the empirical measure on 
intervals of the form (— cxo,a:]. 


Lemma 3.1. Fix any a > 0, g G [l,C)o), t G M+ and j G There exists C = 

C{a,q,t) < 00 such that, for all £ G (0, (ag)“^], 


00 





V sup exp (-aA())(s)) 

i=j ^e[o,t] 




(3.3) 

(3.4) 


Proof, Fix t € 1R+, q e [l.oo), a > 0 and j, € Z+. Let X)’*'*(a) 'te the 

f-th (unranked) particle among {Xj’^}j>j^. Let Ff := sup^gjg*] exp(—aA?(s)), := 
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sup^gjQ j] exp(—and similarly let F^^'^’* and F^.’l’* be the corresponding 

random variables for ■> respectively. 

By (3.1), F! < Ft\ hence < EZj W^tX- Let r := 2-^aqe^/^ and^^t) := 

suPs6[o,t] |-Bf(s)|. With X^’^it) dehned as in the preceding, we have 

E = (1 + r)“* E . (3.5) 

Further, by the reflection principle, E[exp(—(t))] < 2E[exp(agi?f(t))] = C{a,q,t). 
Consequently, 


OO 



< 


(1 +r)-L-b/9 
(1 + r)Vg - 1 


With r E (0,1], further using the elementary inequalities (1 + > 1 + r/q and 

(1 + r)-^'/9 < 

exp(—jr/(2g)), we conclude (3.3). 

We next show (3.4). Since, by dehnition, X^.’l’*(s) is the i-th smallest particles among 
{^p5(5)}j>j*, we have that 1^5j’*(s) < ^p+j,)(s) < ^p+i*)(^) therefore, < 

F^*- Summing both sides over i, we further obtain ^ 

~ Lrom this and (3.3) we conclude (3.4). □ 

Based on (3.1), we now establish the continuity of the process X^^^^(-). 


Lemma 3.2. There exists C < oo such that for any [^ 1 ,^ 2 ] C [0,cxo), j E and 
e E (0,1], 


P 


( sup 




< C exp (—ae + 2e ^(^2 



(3.6) 


Proof. It clearly suffices to show that 


E 


exp £ L2 sup |X("^)(t) - X("j)(fi)| 


< Cexp (2e ^{t2 - ti)). 


Since (Ej(*))iGZ+ is at equilibrium, we have 

Uf.,(- + <.) - '=' C(.)(-) - ^(i)(0))«*. 

so without lost of generality we assume that ti = 0. Let 


U^'\tpd)-= sup jexp e ^2 f 

selo,t] L ^ 


U^’ft,i,j) := sup <{ exp 
se[o,t] 


r‘/TA7J(«)-x';l(0)) 


hrr 

r£, 


(3.7) 


(3.8) 

(3.9) 


Similar to (3.5), we have 

E(t/"’’’(f,i, j)) < (E(e-^°(°)))^”*E < {2/3y-^Ce^^~'\ Vi < j, (3.10) 

E {U^’\hiJ)) < (E(e-^°(°)))*”^'E < (2/3)*-^C'e"“'*, Vi > j. (3.11) 
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By (3.1),exp[£ < exp[e i/2^x^^^{t)- 

Xy|(0))]. For all t G [ 0 ,^ 2 ], the last two terms are bounded by X]i<j *, j) and 

J2i>j j), respectively. Combining this with (3.10)-(3.11), we conclude (3.7). □ 

Based on Lemma 3.1, we now establish the following a-priori estimate of the empirical 
measure. 


Lemma 3.3. Fix T G M+j q ^ [1, 00 ) and a & {0, 00 ). Let Jj := [e -|-1)) flZ 

and fi, i G Z,+ , he random variables. There exits C = C(T,q,a) < 00 such 

that for all t G [0, T] and e G (0, {aq)~‘^], 


i=0 


Y^f.^-axi^d) < II/, 


i=o 


2 

*ll2g 


ieJ| 


1/2 


(3.12) 


Proof. For each j G Z+, by the Cauchy-Schwarz inequality we have 

IE <15: II 


16 Jf 


*6J| 


leJf 


On the r.h.s., replacing || X^ieJ? (/i)2||,, with EiGj? Il(/i)^llg = Eiej| ll(/i)llig, and re¬ 
placing II EiGj? ''vith II Ej>£-i/ 2 /which, by (3.4), is bounded by 

exp(—/a/2), we conclude (3.12). □ 


Now we establish a decomposition of Wf into Wf’* and i?f as follows. As we show 
latter in (3.16), becomes negligible as £ —)■ 0, so Wf ~ Wf’*. 


Lemma 3.4. Fix t G M+, e G (0,1] and 0 G such that ^ E L2, and let 

00 

{wr,4>) := e‘'*5:.#.(Vf.)(())(l -2y-(e-‘()), 


1=0 

°° '■E+i)h) 


{Rl, 0) := I (^h+i)W- y)Hy)dy- 

1=0 


Then, 




(3.13) 

(3.14) 


(3.15) 


Proof. Since the gaps are at equilibrium, Xfs^{t)—X^Q-^{t) is the sum of the i.i.d. Exp(2£ 
random variables, so by the Law of Large Numbers we have lim^^oo (t) = 00 , hence 


{Wf,cf) 

LT (l^iy)dy = {.X2 

sit ion. 


^ / r^o+i)d) 

= ^ I 0(X(/)(t)) - 2e-^/2 / 4>{y)dy 

1=0 V 

— xi)(l){xi) + /E(ai 2 — y)(l>'{y)dy, we obtain the desired decompo- 

□ 
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Based on Lemma 3.3, we next establish bounds on (i?f, 0) and (bbf’*, 0). We note here 
that, while these bounds fall short of proving Proposition 2.5, they suffice for justifying 
the use of Ito calculus in Proposition 2.1. 

Hereafter, when the context is clear, we sometimes use F/ and respectively, 
to denote , Yi(e~^t) and 


Lemma 3.5. Fix T G M+, q G [1, cxd) and 0 G such that ^ G There exists 
C = C{T,q) < oo such that for all t G [0, T] and e G (0, (2g)“^], 

(3-16) 

(3.17) 


Proof. Fixing T G M+, t G [0,T], q G [l,cxo), e G (0, (2g) and ip ^ we let C = 

C{T,q) < oo. To show (3.16), in (3.14), we use ^p+i) —yY and 

sup |0(i/)| < |0|^exp(-X(=p) 

to obtain \ {R^,(j))\ < Combining this with (3.12) for fi = 

(Fj)^, we arrive at 


\\{RtA)\\g < |0|^^exp(-j/4)(||(Fi)^||2jJ; 


1/2 


j=0 


Further using ||(Fj)^|| 2 g = C and | | < conclude (3.16) upon summing j. 

Turning to showing (3.17), we assume without lost of generality g G fl [l,cxo). 
Letting := “2Fj), with 0 G using summation by parts in (3.13), we obtain 


i=0 


(W14,) := - 4>Ul)Z: 

To bound this expression, we combine 
- 011 < 


(3.18) 



dY 



dY 

1 < 

dy 

B 

/ e ^dy < 

dy 


eC2y.Sexp(-Xfi)), 


(where the second inequality is obtained by using e^ < e ^t*)) and (3.12) for fi = YiZi 
to obtain 

1/2 




d(j) 


dy 


j=0 


-//2 


FlI^T.I 


2 

2q 


(3,19) 


. *G Jf 


With ||Fj|| 4 g = C and ||Fj|| 4 g < (i + 1)^/^C, we have \\YiZi\\l^ < (* + 1)C. Plugging this 
into (3.19), we further obtain 


||{irr,.^)|| < cA" 


dcp 


dy 


OO 


^ 7=0 


With IJH < £ 1/2 _j_ upon summing over j we conclude (3.17). 


□ 
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Based on Lemma 3.3, we now establish a bound on ^('0, j), as defined as in (2.3). 
Hereafter we adopt the convention that —1) := 0. 

Lemma 3.6. Let a G [0, cxd] be arbitrary stopping time (with respect to the underlying 
sigma algebra). Fix T G M+ and q G (l,oo). There exists C = C(T,q) < oo such that, 
for all ip G ^0 ^ [0)^]? jif > ^ ^ (0; 1]? 

2 

sup < CliM^^exp (-(j A/)£^/V2)- (3.20) 

[to ?^] 

Q 

Proof. Fixing such T, q, to, j,j', e, fj and a, we let C = C(T,q) < oo. We assume 
without lost of generality j > j'. Applying Doob’s L'^-inequality and the Burkholder- 
Davis-Gundy (bdg) inequality (e.g. [19, Theorem II.1.7 and Theorem IV.4.1]) to the 
G([fo,T],M)-valued martingale Mf'* := obtain 


sup < C 


j‘T^a J 

ri/2 / {dyips{Xl{s))fds 


'to 


i=j'+l 


<?/2 


(3,21) 


i=j'+l 

|2 


'0 


In the last expression, replacing {dy'ps{y)Y with and replacing j with oo, 

and then applying (3.3) for a = 2, we further obtain the bound C exp(—je^A/2), 

thereby concluding (3.20). □ 

Proof of Proposition 2.1. Fix ^|J G The bound (3.20) implies that .(V'vOlj is 
Cauchy in the complete space L'?(G([fo, T], M), P), whereby we conclude (2.4). Fur¬ 

ther, for all g > 1, 


<C{T,q)\i,\„^, (3.22) 


sup \Mf^t{i;,oo)\ 

< lim 

sup 

t€[to,T] 

j^oo 

9 

[to jT] 


where the last inequality follows by (3.20) for j' = —1. 
To derive (2.5), we apply Ito’s formula to 




— PP 


poo ^ 

- 2£"^/2 J iJs{y)dy 


to obtain 


s=t r 

s=0 Jo 


+ \9yy'^'ips'^ds - 2e ds'ips{y)dyds 


+ k)+e / (dyf;,) (Xfo)(s)) ^ l{X(,)(s)=A(o)(«)} ds. 


i=0 
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Clearly, almost surely for all s e [0, T], (Q|,, 0) ^ {Q% 0) and Y!1=o l{X(i)(.)=X(o)(s)} ^ ^ 
as A; —oo. As for MQ^{'ip,k), from (2.4) (for large enough q) we deduce that, almost 
surely for all t G [0,T], k) — )■ Mqj('0, cxo). Hence letting k ^ oo we arrive at 




S=t 


s=0 


+ S 


- 1/4 


+ ^dyy'^'ips'^ds - 2e 
{dy'ips){XlQ){s))ds + oo). 


a oo 


ds'i/js{y)dyds (3.23) 
(3.24) 


With Af and defined as in (2.1)-(2.2), the r.h.s. of (3.23) equals 


{W^,(ds + 2 ^dyy)ips)ds+ / {Al,dsips)ds + e 


t poo 



dyy'ijjgdyds. (3.25) 


0 


The last term in (3.25) cancels the first term in (3.24), so (2.5) follows. 


□ 


Corollary 3.7. For any T G M+ and q G (l,cxo), there exists C = C(T,q) < oo such 
that for all q > 1, e ^ (0, (2g)“^] and t G [0,T], 




sech.(y)dy 




(3.26) 


Proof. Applying Proposition 2.1 for 'il’(y) := sech.(y) G .^t, we obtain 

(Al + WJ, sech) 1*2 = 2"^ ^ (wf, ^ sech^s + Mo*i(sech, cx>), 

or equivalently 

(Af, sech) = (Wo* - Wf, sech) + 2"^ (wf, ^ sech^ds + Mo*i(sech, cx)). 

Recall from (3.15) we have (Wf, cf) = (Wp*, (j)) — 2{Rl, ^). As -0 G C'°°(M) and ^ sech G 
for all k G Z+, further applying (3.16)-(3.17) and (3.22), we conclude (3.26). □ 


Proof of Proposition 2.3. Fix T G M+, b G [0,1/4) and q > 1. Applying Chebyshev’s 
inequality in (3.26), we obtain that, for all t G [0,T], g > 1 and £ G (0, (2g)“^], 


P(|yo)(i)| >A) 


fA \ -<} 

sech.(y)dy 


(3.27) 


Indeed, letting t^ := ek, we have 


{r^ < T} 



From (3.27) and (3.6) we deduce 

p (|y„,(«l.)| > <rV2) < CeO'--*”, 


(3.28) 


(3.29) 
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p( sup |A7„,(i)-X,*„|(i|)| >£72] (3.30) 

In (3.28) applying the nnion bonnd using (3.29)-(3.30), we conclude (2.6). □ 

Recall Ql is defined as in (1.10). We next derive bounds on Ql := To this end, 

we let 


(())). 


(3.31) 

(3.32) 


Lemma 3.8. Fix s,t ^ (0,oo), x,y' ^ W, q E [l,C)o), b E [0,1/4). There exists C = 
C{q) < oc such that, for all e E (0,1], 


Slit) {QuP^i- -y\x)) ^ < (|logs| + 1)C, 




< c. 


(3.33) 

(3.34) 


Proof. With p^in, x) := Psiu — x) +Psiy + x) and SHt) decreasing in h, it clearly suffices 
to prove, for any fixed x' E M, 


sm iQlPsi’-x')) <(|logs| + l)C, 


Ql,Psi' -x') 


< a 


(3.35) 

(3.36) 


Since p(z) decreases in \z\, we have Psiz) < s ^^'^Yl’f=oPij) l[ij+i)(kk Using this, 
we obtain 

CX) 

Sm&tM- -X')) = S„'(()£‘''7Q),p,(. -x')) <Y^Sl(()F‘(t,s)p(j), (3.37) 

j=0 


{Ql,Psi- -x')) = eS‘^{Ql,p^{. -x')) < ^G'^(s)p(j), 

i=o 


(3.38) 


where 


Fjihs) :=s -x'\s 

Glis) := (|- -x'\s-F‘^)). 

With Qq ~ PPP+( 2 £:“U 2 ^^ ||G^||g < C*(g). Combining this with (3.38), 

using J^’jLoPU) < conclude (3.36). As for (3.37), letting 


H]it,s) : = 


sup 


,-1/2(qC.(0) 


-[iO+i 


)(!■ 


X s 


since Ql and differ only by the shift of A'q(s), with S'o(f) as in (3.32), we have 

S'o(f)FJ(f, s) < Hfit, s). With ~ PPP+( 2 £“^A)^ (3.35) now follows in a way similar 
to (3.36). The only difference is the maximum over {x” : \x'' — x'\ < 1}, which results in 
the extra | logs| factor. □ 
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4. Proof of Proposition 2.5 


4.1. Proof of part (a). Fixing b G (0,1/4), b' G (1/8,1/4) fl [&, oo) and T G M+, we 
show 


lim S^T) 
(e,<5)^(0,0) 


( 


sup sup 

\ te[0,T] a;GR+ 


>4 


e,5,e° 


x) 


= 0 . 


(4.1) 


The desired result (•) ^ 0 then follows since 5'^/(T) 1 (by Proposition 2.3). 

Turning to proving (4.1), fixing t G [0,T], by (2.1) and (2.10) we have 

n ^fo)P) 

\d,'^t+s-s{y,x + e’’ 

Since here sup 5 g[o^ 7 ’]{|l^/j)(s)|} < we may integrate over J^^b' instead. After 
exchanging the order of integrations, we integrate over s G {—S,T + 1) using the readily 
verified identity |(9s 4 /^( 1 /, x + e^) \ = — sign(i/)(9s4/(i/, x + e^) to obtain 



S^T) 


Af 


X 




Ap^’^'^x) < 26 I^T+i+s(y,x + e^)-^o(y,x + e^)ldy. (4.2) 


Let f(y) := 4 /'r+i+5(|/, x + e^) — 1. Since ^o(y, x + e^) = 1, for all a; > 0 and \y\ < e^' < 
we have l^^T+i+siyyX + e^) — \l/o(i/,x + e^)\ = \f{y)\- Further, since /(O) = 0 and 
f'{y) = -PT+s+i{y^^ + V)^ we further deduce \f{y)\ < C\y\{T + 1 + < C\y\. 

Plugging this into (4.2), we obtain S^,{T)\Al’^’^ (x)| < Ce~^A^xb'^ thereby, with b' > 1/8, 
concluding (4.1). 


4.2. Proof of part (b). Recall 4/f(|/,x) and x) are defined as in (2.7). By 

Lemma 3.4, we have W/(a;) = >V/’*(a;) — 277f(a:), for 

OO 

WX(x) := £‘'"‘^(1 - 2y,(0))>l-f(X',(0),a:), (4,3) 

i =0 

“ /-A® ( 0 ) 

nt{x) := -y)pf’%y,x)dy. (4.4) 

i=0 

We first show that 77^ (•) ^ 0, or more explicitly. 


E sup sup |77j(x)| I < loge|, (4.5) 

YtG[0,T] a;G[0,L] J 

for some C = C{T, L) < oo and for all e G (0,1/4] and 5 ,17 G (0,1]. 

Proof of (4.5). Fixing T, L > 0, we let C = C{T, L). To bound TZf{x), in (4.4) we replace 
(X()_i_^^( 0 ) — y) with £^/^yj( 0 ), and then divide the sum into the sums over i < e~^ and 
over i > e~^. For the former replacing each Pi(0) (with i < £“^) by := supj<g-i Pi(0), 
we obtain 

sup sup \Tl^{x)\ < Rl + Rl, (4.6) 

tG[0,T] xG[0,L] 
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_ns(0) 

Rl ■= " p^’\y,x)dy < 

poo 

R 2 ■= Yi sup sup / pf’^{y,x)dy. (4.7) 

^>^-1 tGlO,T]xelO,L]Jx^^.^iO) 

With {yj(0)} ~ 0iez+ Exp(2), we have E(i?f) < Ce^/^\ loge|. As for i?|, from (1.3) we 
have 


0 < 4/^(a:, I/) < C(T, L)(e ^ A 1), Vt G [0, T], x G [0, L], 1 /G M+. (4.8) 

Plugging this into (4.7), we obtain < Ce^/‘^ ^iexp(-X(^.)(0)). Further applying 

(3.12) for fi = Yi, we conclude 

00 / 

j=0 \ieJI 

Combining the preceding bounds on E(i?i) and E(i? 2 ) with (4.6), we conclude (4.5). □ 

With (4.1), it then suffices to show: 

Lemma 4.1. We have that {W’^’*(*)}e C (^(M^,®) and the processes are tight in 
C{Rl,R). 

Lemma 4.2. As e —)■ 0, {hV^’*(*)}e converges in finite dimensional distribution to a 
centered Gaussian process W. (•) with the covariance (2.11). 

We prove Lemma 4.1 (as well as Lemma 4.6) by applying the following special form of 
the Kolmogorov-Chentsov criterion of tightness (see [13, Corollary 14.9]). 

Lemma 4.3 (Kolmogorov-Chentsov). A given collection of C{R‘^,R)-valued processes 
{JW(*)}e is tight if, for some a G (0,1], and for all q G (1, 00 ), T, L E M+, there exists 
C = C{T, L, a,q) > 0 such that 

IAo‘(0)ll,<C, (4.9) 

\\Kt(x) - Kl(x')\\, <\x- xX'^C, (4.10) 

||A7W-/f,‘,W||,<|«-ir'"‘C. (4.11) 

for all t,t' G [0,T], x,x' G [0,L], e, S and rj sufficiently small. 


) L/Z 

<e-Y^Cexp{-e-YyA). 


Proof of Lemma f.l. For each i G {t,x) i-A (1 — 2yj(0))\l/j (X^^^^(O), x) is continuous. 
The series (4.3) dehning >V^’*(*) converges absolutely, hence >V^’*(*) G C'(M+,M). 

Fixing T,L E M+, q E (1, cxo), x, x' E [0, L] and t <t' E [0, T] letting C = C{T, L, q) < 
cx), we next show (4.9)-(4.11) for Kf{x) = yVt’*{x) and a = 1. Consider the discrete 
time martingale 

k 

k ^ ml(t,x) := J](l - 2y(0))<I’n.y,|(0),i). (4.12) 

i=0 
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With = ml^(t,x), showing (4.9)-(4.11) amounts to bounding the quadratic 

variation of {t,x), which we do by using Qq ~ PPP+(2£“^/^). 

Let {Qq^, f) := Yli=o be the /c-th approximation of Qf. The martingale 

ml{t,x) has quadratic variation (Qq^, Consequently, by the bdg inequality 

and Patou’s lemma, letting k ^ oo we have 


ll>Vo’*(0)|| <C Qg,(vh^(-,0)) 


q/2 


\\wnx) -wnxx <c {Qim-.x) - t 

|2 


tw.x')f 
.x)f 


\\wr{x)-wr{xX<c {QiAm^.x) 


n 


ql2 

ql2 


(4.13) 

(4.14) 

(4.15) 


The estimate (4.9) follows by applying To(|/,0) < Ce~'^ (by (4.8)) to (4.13) and then 
using ||((5o,exp(—2-))||g/2 < C (by (3.4) for j = 0). To show (4.10), since 0 < Tf(i/,a;) < 
2, we have 


{'^t+s{y,x) - %{y,x')f <2 \d^'^^{z,x)\dz = 2 


pf’%y,z)dz. 


(4.16) 


Using this in (4.14), we bound the r.h.s. of (4.14) by C , z))\\q/ 2 dz. This, 

by (3.34), is bounded by C\x — x'|, whereby we conclude (4.10). Turning to showing 
(4.11), letting \hjj,(|/) ;= T^(|/,a;) — Tj,(|/, x), similar to (4.16) we have 


<2/ |a,T^(2/,x)|ds 


s \{y + x + y)pt{y + x) + {y - x - y)pt{y - x)\ds. 


(4.17) 


However, due to the s ^ singularity, the argument for proving (4.10) does not apply. 
To circumvent this problem, letting g{y) := V we 

bound Ff := (Qq, (1 — and F 2 := (Qq, (?(4/j^^,)^) separately. For Ff, in (4.17) 

using \s~^zps{z)\ < C\z\~^p 2 s{z) and \x + p ±y\ > \t' — we obtain 


{nAy)y(^-a{y))<{t-t'y'^c 


P2f{y^x)ds. 


Given this inequality, we now conclude ||Ff ||q /2 ^ C\t—t'\ by the same argument following 
(4.16). As for F 2 , using \ < 2, we obtain 

^2 — (^Qoi l[a;+r;—(F—t)l/2,x+77+(t'—T ^[—x— tj—(F— x—T;+(t'—^• 

Combining this with Qq ~ PPP+(2e“^/^), we conclude ||F|||q /2 < C\t' — □ 


Next we prove Lemma 4.2 using the martingale Central Limit Theorem of [2, Theorem 
2], which we state here in the form convenient for our purpose. 
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Lemma 4.4 (martingale Central Limit Theorem). Suppose that for any fixed e G (0,1]^, 
{Nf, i = —1, 0,1,..., Ue, is a discrete time -martingale, starting at Nt-^ = 0, with 
the corresponding martingale differences Df := — Nf and predictable compensator 

{N^)i ■= If, for some a* G R+, as e -)■ 0, 


ne 


Ee(iaT) ^0, 

i=0 

(4.18) 

(NX. ^ X 

(4.19) 


then A/”(0,cr*), the mean zero Gaussian with variance af 


Remark 4.5. Although the proof of [2, Theorem 2] is for a single martingale, the same 
proof applies for a collection of of martingales {(A"f,.^f)}e as we consider here. In 
particular, the truncation argument of [2] applies equally wells here, by letting ■= 
inf {i : {N^)^ > L}, whereby P(A^f = Nf^^^^,\/i) ^ 1 as L —)■ oo, uniformly in e. 


Proof of Lemma 4-2. Let x') := 2 x')dx. Fixing arbitrary ti,... ,ti 

and xi,...,X/ G M+, we let C = C{ti,... ,ti,xi,... ,xi) < oo and 


W^’*:=(>V,r(xi),...,>Vr;*(xO)GM^ 

Our goal is to show ^ A/'(0, S), where S := Equivalently, 

hxing arbitrary v = (vi) G Rf and letting a* := )Y'^ we show 

i 

i=i 

where ml(t,x) is dehned as in (4.12). To this end, letting rig := we consider the 

martingale 


i 

A(j .= ’^^Vjmj^fitjjXj), ki .= i l{i<n,e} +CX3 \pi=ri,,} ■ 
i=i 


It then suffices to verify i) (4.18); and ii) (4.19). 

(i) Let Ff := With Nf defined as in (4.20), we have 


rie 

i=0 


E E(|l 

_ i<£ ^ 


2y.(o)t(u“)=) + E (E (1 - 

i>£~^ 


(4.20) 


(4.21) 


We now show that the r.h.s. tends to zero based on the a-priori estimates (3.4) and (3.12). 
From (4.8) we obtain \Ff\ < C'exp(—X^^^^(O)). Using this in (4.21), we bound the r.h.s. 
by 9t + 92 ^ where 

gl := |1 - 2U(0)|V^^«^°^), (4.22) 

i<£~^ 
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In (4.22), replacing each |1 — 2Fj(0)p with Y^'* := supj<g-i{|l — 2yi(0)p}, we obtain 


9l < £ 


3/4 




E 

i=0 




(0 


With {yj(0)} ~ (3)jExp(2), we have ||F '^’*||2 < C(|log£| + 1), and by (3.4) for j = 0, 
we have || whereby we conclude gl —)■ 0. As for gff, applying 

(3.12) for fi = \l — Ej(0)|, we obtain exp(—£“^A/(7)]3 _i. 

(m) With Nf dehned as in (4.20), we have j'^j')^ where 

OO 

j;<I>J(y',(0),x)'I<‘,(A',',(0),x'). (4.23) 

i=0 

In (4.23), if we replace each W^^.j(O) by E(X^^.^(0)) = := xf, we obtain the 

expression 

OO 

r‘}(x,x') := ( 4 . 24 ) 

i=0 

This, with — xf = 2 “^£^A^ jg ^ Riemann sum approximation of rf^t/(x,x'). In 
particular, by using the continuity of {y,e) i-A 4/j(i/,x), it is not hard to show that 
r^)*(x,x') —)■ Tt,tr{x,x'). Consequently, showing (4.19) is reduced to showing T^^,{x,x') — 
r^’))(x,x') —)-p 0, which is in turn implied by 

OO 

p/2^E|'I-)(y',(0),i)<I>J(A:f,,(0),i') - •i!t(xlx)9‘,,{x‘,x')\ ^ 0. (4.25) 

i=0 

We now prove (4.25) by using the continuity of i/ i-A Tt(|/,x) and the control on 
l^p)(0) ~ I = l"^fi)(0) ~ E(W^^.j(0))|. For any L > 0, we divide the expression in (4.25) 
into Gi^ + G 2 for 


Qe,L ^1/2 

|>I>^(A7yo),n'I'nA'fj,(0),i') - ^U^’,x)'i‘Axt,x% 

(4.26) 





l>i>)(A(',(o),n'i'nA'(',(o),i') - <i-)(if,i)>i>),(x',i')[. 

(4.27) 




By (4.8) and (3.4), for the tail term we have E(G^’^) < Gexp(—L/G). With this, 
it then suffices to show 


hmE(G 2 ^) = 0, for any hxed L > 0, 

e^O 


(4.28) 


(since we can then further take L ^ 00 after taking e —0). To this end, fixing arbitrary 
L > 0, we let := supj<g-i/ 2 ^ |X^^j^(0) — xf |. With {X^^^^(O)} ~ PPP+(2£:“^/^) we have 
P(|(i'^| > £^/®) 0. By telescoping, in (4.27), for each i, we bound the corresponding 

term by |Tf(A:(=)(0),x) - Tf(xf,x)|T^,(xf,x') + Tf(xf,x)|T^,(X(=)(0),x') - ^^^^(xf,x')|. 
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Further using |/)| < 2 and |\I/^(a,x) — a:)| = p^’’^{z,x)dz, we obtain 





{Ql,Pt +z,x) +Vtd^{' +z,x'))dz. 


(4.29) 


Now consider the cases d^ < and d^ > separately. For the former combining 
(4.29) and (3.36), we obtain E(G| l|rfe<£i/8j) < —?■ 0. For the latter using < 

C{L) (since |\[^.(*)| < 2), we conclude £(^2 l|^e>gi/8|) < C{L)'P{d^ > e^/®) —)■ 0. 
Therefore (4.28) follows. □ 


4.3. Proof of part (c). Recall 5'^(*) is dehned as in (3.32). Letting G : = 

{x) : = Mi - (., x), 


oo 


oo „t' 

= 8'/*Y. / 

i=0 


t A r^/8 and 


(4.30) 


we recall from Proposition 2.3, that for any T G M+, lirng^o P(Mlf (x) 

[0, T], X G M+) = 1, so without lost of generality we replace M^{x) with A/"/(x) := 

Lemma 4.6. The collection of processes {A/'f(*)}e C G(R^,M) is tight in G(M^,M). 


Proof. The process (t,x) i-A Aff{x), as the uniform limit (as k —>■ cxo) of the continuous 
martingale M^-(-^, k) for 'ifsiv) '■= Ptdl{y,x), is continuous. 

Fixing T,L ^ M+, q G (1, oo) and a G (0,1), hereafter we let C = C{T, L, g, a) < oo. 
For this hxed a, we next verify the conditions (4.9)-(4.11) for Kf(x) = J\ff{x). The 
hrst condition (4.9) follows trivially since ^^^^(O) = 0. As for (4.10)~(4.11), hxing t < 
t' G [0, T], X < x' G [0, L], our goal is to bound the moments of := Aff{x') — Aff{x) 
and Mftix) — Aff{x) = A"! + AT, where A| := ~ Mi(pJ^, (•,x)) and 

t * tg c 

Nn := Mi - {p^,’f, {•,x)). To this end, we control the quadratic variation 

>5i/8(s)(Qs, (pf4(-,a;')-pL(-,a;))^)ds, (4.31) 

^ 2 ":=^ >5i/8(s)(Qs)(P?i^(-A)-pf_,(-,x))2^ds, (4.32) 

R/ := {pflA-.x')f)ds. (4.33) 


of the martingales Aj^, j = 1, 2, 3, respectively. By using 


?"■'(!/. U-Ppfe'. a:') <Ct + \y-y'\“), 

p^-^y,x)-p”Z(,y,x)\ < 


(4.34) 

(4.35) 
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(where (4.34) and (4.35) follow from the a-Holder continuity of exp(—2:^/2) and 2 ; exp(2;^/2), 
respectively), we obtain 

(pf4(•, x') - pf4(•, x)^ < C\x - x'l"(^pf4(•, x) + pf4(•,x')), 

(p?h^(•, x) - pf4(•, x)) < C\t - (pflsi ’) ^') + •, x') 

{pf^,i',x')^ < C{t' - sy^'‘^pfl^{-,x'). 

Plugging this in (4.31)-(4.33), and using (3.34), we further obtain 


ll^i'lL < c\x - xT / (t' - s)-(^+")/2(| iog(t - s)| + l)ds, 

Jo 

nun, < c\t' - i|“/2 At' - t)-(‘+“>/'‘(i iog(f' - s)i +1)*, 

Jo 

<C [ (A - s)-^/2(| log(A - s)| + l)ds. 


(4.36) 

(4.37) 

(4.38) 


respectively. By the Burkholder-Davis-Gundy inequality, we have ||iVJ||q < C'(||17'^ 
Combining this with (4.36)~(4.38), we thus conclude (4.10)-(4.11) for iAf(x) = M^x). 

□ 

Lemma 4.7. As e ^ 0, {A/'f(*)}e converges in finite dimensional distribution to a 
centered Gaussian process M. .{•) with the covariance (2.12). 

Proof. Fixing arbitrary fi,..., t^, Xi,... ,Xm ^ IP+, we let C = C{ti ,..., t^, Xi,..., Xm) < 
00 , V := {vi,...,Vm) G MP and l := \/—1. Consider the characteristic functions 
Peiy ■■= ■= E[exp(i^”LiTjA4t^.(a:j))] of {Aff^{xj))fl^ 

and {J^tj{xj))JLi, respectively. By Levy’s continuity theorem, it suffices to show (^g —)■ ip. 
Letting x, x') := pf_,{y, x)pf,_^{y, x') and Vt,t'{x, x’) := 2 /“ x, xjdyds, 

we recall that 


m 

p{w) = exp (^ - 2"^ XjVj'yi,t.,{xj,Xf)y 


ij'=i 


As for (^g, since fff{x) is a continuous martingale of quadratic variation 


i-tAt' 


I Sy{s)(Ql,qlf^f-,x,x'))ds 


rtAt' 


Sl/s{s) g5",(Xf^)(s), x, x') ) ds, 

\ i=0 

where qfyy,x,x') := pf’'^{y,x)pf'^{y,x'), we have 
(^g(v) = E 


(4.39) 


exp I - 2 ^ 

ij'=i 
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Given these expressions of 99 and by the bounded convergence theorem, it suffices to 
show that 




(4.40) 


for all > 0. Similar to (4.23)-(4.24), in (4.39), if we replace ^(^j)(s) with 

xf = E(X^^q^( 0)), the resulting expression Vp^,{x,x') represents a Riemann sum approx¬ 
imation of Vt,t'{x,x'). The only difference here is the extra factor of S'[yg(s), which 
satishes P(S'^^g(s) = l,Vs G [0,T]) —)■ 1 (by Proposition 2.3). Hence, in the same way 
r^’j)(x,x') Tt^t'ixyx'), we have V^^,{x,x') —j-p Vt,t'{x,x'), thereby reducing showing 
(4.40) to showing 


rtAt' 


E(Si/s(i>)'f'(s))* —> 0, 


(4.41) 


for E”o 

We now prove (4.41) by using the continuity of 1 / 1 —)■ q^f^,{y^x,x') and the control 
on S'^^g(s)|X(^j^(s) — xfl, similar to the proof of (4.25). Expressing W^^j)(s) 


N,e 


N,e 


W; 


( 0 )^ 


+ ^fo) 


(s), with V‘^{j,j',t) dehned as in (2.17), we have 


as 


s - 


St^,{s)\Xl,^{s) - x^,\ < 2-h^/^V%0,z,s)+e^/^ := dt{s). 
Since the gaps are at equilibrium, from (2.18) we deduce 

Using this for = (0,i), with i = 2e~^^^xf, we obtain 

IM-(s)lln < C{n)e^/^[l + (xf)^/2], Vn G Z. 

Next, by telescoping, we bound r^{s) by F^{s) + E|(s), where 

00 

Fi{s) := |pf4(Xfi)(s),a;) -pf2!((rf,a;) p^l^,(Xfi)(s),x'), 

i=0 

00 

F^{s) := £^/2^pf4(a:f,x) pfl^{X(i^{s),x') - pf,_,{xlx') . 

1=0 

In (4.45)-(4.46), using (4.34) for « = 1/2 and using (4.42), we obtain 

00 

Si/iMFAA < C{t - 

i=0 

00 

St/8is)F2{s) < C{t' - {dl{s)f^^p^ll{xlx). 


i=0 


Plugging (4.44) in (4.48), we obtain 

E {St„(s)F‘(s)) < C(t' - 


(4.42) 

(4.43) 

(4.44) 

(4.45) 

(4.46) 

(4.47) 

(4.48) 

(4.49) 
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As for -Ff(s), fixing q G (1,2), in (4.47), for each i, multiplying and dividing by the 
factor exp(—X^^^^(s)), we apply Holder’s inequality (with respect to E[^.(-)]) to obtain 
E(Ff(s)) < (t - s)“^/^/n(s)/f 2 (s), where 


fuis) := 




i=0 


:= E(S^h{s){Qlexp{q-)(p^/^^{-,x') 


!/<?' 


q\ \ 1 1/9 


and 1/q' + l/q = 1. Combining (4.44) and (3.12) for /j = {df{s)Y', we obtain /fi(s) < 
As for fi 2 is), with ei^Po-(|/ — z) = C{a, z)pa{y — qa — z), we have 


9-1 


e” = pfZ(y^Z) e>y‘.(9,i') 


< C(L, r, ,)(i' - - q(t' + S-s),x'). 

Using this and (3.33) for y' = q{t + 6 — s), we obtain /f 2 < C{t — s)“(i“^h 29 Q log(t' — 
s)| + l)^/i. Consequently, 


E (Ff(s)) < - s)- 3 / 4 -( 9 -i)/ 29 q -s)\ + 1). 

With {q — l)/2q < 1/4, from (4.49)-(4.50) we conclude (4.41). 


(4.50) 

□ 


5. Proof of Proposition 2.7 


Recall := e ^k. We hrst establish the following estimates on the continuity 
Stix), ^f(x) and A/(a:). 

Lemma 5.1. For any fixed T,L E M+, 

Fxe{T,L) := snp{\Xf{x) - Xf^{x)\ : k <Te~^, te[4,4+i], a; G [0, L]}0, 

F^e{T,L) := sup ^ Xf{x) - Xf^{x) :k<Te~^, tG[4,4+i], tg[0,L]|-^0, 
Fge{T,L) ■=sup{\Ql{x)-Ql^{x)\-.k<Te~^, tG[4,4+i], x G [0,L]}0. 


in t of 


(5.1) 

(5.2) 

(5.3) 


Proof. We say that events {A^} happen at Super-Polynomially Rate (spr) if, for each q > 
1, 'P{{A^Y)e~^ is uniformly bounded. By (1.2), Af{x) — Af^x) = 2£^/"^(X(j^(a;))(e“^f) — 
Fixing arbitrary a > 0, from (3.6) we deduce that 

sup - Xp^^x)}i£~^tk)\} < a, at SPR. 

By taking the union bound over k < Te~^ and over 4(a;) G Z fl [0, + 1], which is 

a union size we conclude that FxYT,L) < a at SPR. As a > 0 is arbitrary, we 

obtain (5.1). 

As for (5.1), by (2.15) we have Af{x)-Al{x) = 2eF4(X(je(^))(e-R) -X(/g(„))(£-Ufc)). 
Further, with {W/.)(0)} ~ PPP+(2e:“^/^), we have 

Foix) < {AL + 1 )£- i /2 


as SPR, 


(5.4) 
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SO (5.2) follows by the same argument for (5.1). 

\jetti\ig Fge{k, L) := s\i]i{\Ql{x)—Ql^{x)\ : t G x G [0,L]}, we next show (5.3) 

by showing, for each k and hxed a > 0, Fge{k,L) < a at SPR. By stationarity, \Gt{x) — 
Go{x)\ \Qt+tS^ + + Xl^^{tk))\ and by Proposition 2.3 |X(^o)(4)| < 1 

at SPR. Hence it suffices to show Fge{L) 0, where Fge{L) := sup{|^j(a:) — Qq{x)\ : 
t G [0,e], X G [—l,L + 1]} —)-p 0. With Gfix) dehned as in (2.13), we have that 
Gt{x) — Go{x) = e^^^G^{t,x), where 


G^{t, x) 


(Qt) 1(—oo,x]) (Qo) l(-oo,x]) 


^{Xt(t)<x] 

i>mx) 


^{Xf{t)>x} 

i<mx) 


is the net ffux of particles across x within [0,t]. Let 


H’U) + Y.X-’(i,3), 

i>j i<j 






Lte[o,e] 


= 1 


sup Xl^’^{t)>X^:l (0) 

te[ 0 ,e] " ' 


(5.5) 


(5.6) 


In (5.5), using (3.1), > x and -^(^/£(3;)_i)(0) < x, we then obtain that 

sup^gjo,£]{l^^(^;^)|} ^ Combining this with (5.4), we now arrive at 

Fge{L) < sup {e^^^iL^(j)} at SPR, (5.7) 

j&X{L) 


where JF{L) := {j : |j| < 4(L + 1)£ Recall t/^’''(t,i, j) and f/^’^(t,i, j) are dehned as 
in (3.8)-(3.9). Fixing any g > 1, in (5.6) taking the g-th norm of both sides, we obtain 


i>j 


£, 1 , 


i,j)ll +5^iiff'’'(i,j)ii, 


i<j 


< Y, (£{/'•■(£.!, j))''’ + ^ (EC/"(£.i,j))'/». 

i>j i<j 


Further using (3.10)-(3.11) in the last expression, we conclude ||i7'^(j)||^ < C'(g). With 
g > 1 being arbitrary and |£J^(L)| < we have sup^g^j-^) {^i/4^£(^-)} y a at SPR, 

for arbitrary hxed a > 0. Combining this with (5.7), we thus complete the proof. □ 


Recall V‘^{j,j',t) is dehned as in (2.17). Let 

;= {(j,/,fc) G Z3 ; j,f < 4(L + l )^-^^,\j - f\ < e->^',k< Ts-^}. (5.8) 

Lemma 5.2. For each fixed T,L G M+ and p' G (0,1/2), 

-y 0 . 


sup e 

Ud',k)ej^^,{T,L) 


(5.9) 
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Proof. Fix such and any a > 0. By (4.43) we have P j',4)| > a) < 

C{n,a){\j — Form this, fixing n > 2/(l/2 — /i'), using the union bound, we 

obtain 

\ij,j',k)ejr^,{T,L) J 

With I L)\ < C{T, L)e~‘^ and ?7,(l/2 — fi') — 2 > 0, the r.h.s. tends to zero as e ^ 0. 

Since a > 0 is arbitrary, we conclude (5.9). □ 

Hereafter we say events occur with with an Overwhelming Probability (op) if 

P(^^) ^ 1 as e —)■ 0. 


Proof of Proposition 2.7(a). Fixing any L,T G M+, a G (1/2, cxo) and b G (0,1/4), our 
goal is to show 


sup sup 

x^[e^,L] te[o,r] 



{x)-gi{x) 


0 . 

p 


(5.10) 


Let 


f{y,x) := ^e-{y,x) - l(_oo,ai](2/) 

= I - + x) + l{x,oo){y) - ^e-{y - x). 


Recall from (1.12) and (2.13) that (x) — Gfix) = (Qf,/^(*, x)) 
where 


(5.11) 
F'l{t,x) + /|(x). 


Ff{t,x) := e^/^{Qlf%-,x)), 

poo 

fl{x) ■= / f{y,x)dy. 


From (5.11) we deduce that, for (x, ?/) G 




\f{y,x)\ < ^e-{-y - x) + ^e4-\y - x\)- 


(5.12) 

(5.13) 


(5.14) 


In particular, \f^{y, x)\dy < C ^^-a(z)dz = Ce°‘/'^. Using this in (5.13), with 
a > 1/2, we conclude that sup 3 ,>o{|/|(x)|} 0. It then suffices to show 

sup {|F/(t,a:)| : t G [0,T],x G [e^,L\] -p 0. (5.15) 


We now show (5.15) by using (5.14) and ~ PPP+(2e“^/^). Recall on {y,x) G 
we have $£«(—?/ —x) < C exp[—2(a: + i/)/£“/^] and $£«(—1|/ —a:|) < C exp[—2|i/ —a:|/£“/^]. 
Combining this with (5.14), we obtain 


\r{y,x)\ 


This decays fast expect when \y — x\ is small, so fixing a' G (1/2, a), we further deduce 


|r(i/,a:)|l{^>^,} <C(e 




2/2 _y _j(a 

e ^ + e 


“)/2g-(y-x) 


+ C1 


{|i/-x|<£“'/2} 




26 


A. DEMBO AND L.-C. TSAI 


Plugging this in (5.12), we arrive at Ff{t,x) < CFf^{t,x) + CFf 2 {t,x), where 

For F’ii(t), with a > a' y {2b), applying (3.4) we conclude that supjgjQ 2 .]{Ff^(t)} 

0 in and hence in probability. Turning to bounding Ff 2 (t,x), we let N{t,x) := 
l(j,_£aV 2 ^,+£a 72 ]) ~ Pols(4^. Since Qf and differ only by the shift 

of X^Qj{t), which by Proposition 2.3 is at most 1 with an OP, we have 

sup Ff 2 (t,x) < sup {£^/^iV(f,x)} < 2 sup \e^/^N{t,2ie^'/^)\, 

x£[0,L] 3:G[—1,Z/+1] |2|<(L+2)e:““V2 

for all t G [0,T] with an OP. Further, with a' > 1/2, from the large deviations bound of 

Pois(4£(“'-i)/2)^ 

we deduce that 

sup sup le^^'^N{tk,2ie'^'^‘^)\^0, 

k<Te-^ |i|<(I,+2)£-“'/2 ^ P 

thereby concluding 


sup sup {F/ 2 (tfc, 2 :)} —)-p 0. (5.16) 

k<Te~^ a;E[0,L] 

Now, since (by (2.13)) F/ 2 (t, x) = Ql{x + — Ql{x — — 26“'/^“^/'^, combining 

(5.16) and (5.3), we conclude sup^gjQ j.] sup 2 ,g[Q^^]{Ff 2 (t, x)} —)>p 0. □ 

Proof of Proposition 2.7(b). Fixing L,T > 0 and b G (0,1/4), by (5.2)-(5.3) and (2.20), 
it suffices to show 


sup sup 

k<Te-^ xG[e^,L] 


(x), Jo^(x),4) - 2e^/^pUx) \ -y 0, 


as e —)■ 0. Letting 


G\:= sup sup {e^/^pl^{x)], := sup sup {£^/^|T>^(/4 (x),/^( x), 4)1}, 

k<Te~^ x(i[e^,L\ k<Te~^ x(i[e^,L\ 

we next show i) G\ —)-p 0; and ii) G\ —)-p 0. 

{%) From (2.14) and (3.31), we have /f^(x) = (Qf^, l(_oo,x]) = {Qlf\l{-oo,x-xi^^{t^)])- 
Further, by Proposition 2.3, with an OP we have supjg[o,T]{|^(o)(^)|} ^ 1) so, with an OP, 
(L) < (Q?f\l(_oo, i+i]) for all /c < Te L Using this and the large deviations bound 
of {Qlf\ l(-oo,L+l]) ~ Pois(2£-V2(L + 1)), we then conclude that 

|//£(L) < 4(L + yk < holds with an OP. (5.17) 

Next, By Proposition 2.3, with an OP, for all x G [e^, L] and t G [0, T], we have — 

< X. Consequently, by (2.19), |pf(x)| < Yie(^x){^~^'t)i with an OP. Combining this with 
(5.17), we then conclude that, with an OP, G\ < supfc< 2 ^£-i sup|j|< 4 (^_,_]^)j-i/ 2 {e^/‘^l/(ffc)}, 
which clearly converges to zero in probability. 
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(m) By Proposition 1.8 and Proposition 2.7(a), the process {t,x) t-A {Qf{x)—QQ{x)) 
converges weakly. The latter, by (2.13)-(2.14), is equal to — Io{x)) oo)(^)- 

From this, we conclude that, for any p' > 1/4, 

lim limP [ sup sup |//(x) — Io{x)\ < e~^' ) = 1- (5.18) 

a^ooe^O YtG[0,T] xephL] j 

Fix arbitrary p' G (1/4,1/2). With J^^i(T,L) dehned as in (5.8), combining (5.17) and 
(5.18), we arrive at 


lim P < 

e^O * 


sup {A-T'a/,®!} =!■ 


From this and Lemma 5.2, we conclude —)-p 0. 


□ 


Proof of Proposition 2.7(c). Fixing L,T > 0 and b G (0,1/4), by (5.1)-(5.2) and (2.21), 
it suffices to show 


sup sup |£^/^T>"(J^(a: + £^),4(x),4)| ^0, 

k<Te-^ xe[0,L] P 


(6.19) 


as £ 0. As shown in the proof of Proposition 2.7(b), this amounts to showing, for 

some fi' G (0,1/2), lime_^oP (|-fo(^ + ~ *£(^) 1 < ■,'7x & [0,-h]) = 1- By Markov’s 

inequality, with 6 < 1/4, this in turn follows from 

2 


E I sup e^/^-^\mx + e^) - i,{x)\ | < G. 

3;G[0,L] 


(5.20) 


With Iq{x') = ((5o,l[o,x]) and ie{x) := \_2e~^x\, we have + £^) — i^{x)) = 

/ 2-h.rrf (^x £^) — 2-\-£^P~^r'^, for some |G| < 1 and for nff^x') := (Qq, 1[o,x']) —2e~^/‘^x’. 

The process m^(*) is a martingale since Qq ~ PPP+(2e ^/^). With 5 G (0,1/4), applying 
Doob’s maximal inequality to m^(*), we obtain E(sup 3 ,g[Q ,L+i]{£^/^m"(a:)})2 < 
thereby concluding (5.20). □ 
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